Some results on the Jacobian conjecture in higher dimension  by Lang, Jeffrey & Maslamani, Samer
JOURNAL OF 
PURE AND 
APPLIED ALGEBRA 
ELSiVIER Journal of Pure and Applied Algebra 94 (1994) 327-330 
Some results on the Jacobian Conjecture in 
higher dimension 
Jeffrey Lang*, Samer Maslamani 
Department of Mathematics, King Fahd University of Petroleum and Minerals. Dhahran. 
Saudi Arabia 
Communicated by CA. Weibel; received 28 February 1992; revised 9 March 1993 
Let k be a field of characteristic 0 and k[x] the polynomial ring in n variables, 
Xl>. ‘. 2 x, over k. If a polynomial mapping F: k” -+ k”, F(x) = (F,(x), . . , F,(x)), is 
invertible, then the determinant of the Jacobian matrix (aFi/axj) E k*. The Jacobian 
Conjecture states that the converse is true. The n = 1 case of conjecture is trivial and 
there is considerable evidence for it when y1 = 2 ([l, pp. 117-1671, [2, pp. 294-2951, 
[3]); but there is hardly any support for the conjecture when IZ 2 3. This paper verifies 
the conjecture in two special cases. It begins by proving that Fi E xik[x] and 
det(aFi/dxj) E k* implies Fi = aixi with Cli E k*. This result is then used to prove the 
conjecture when each Fi = Xi + cciMi where ai E k and Mi are monomials. 
Let k be an algebraically closed field of characteristic 0, A = k [xl, . . . , x,] be the 
polynomial ring in n variables over k. For each i = 1, . , n let Ai = 
k[xi,. >Xi-l,Xi+l,. . . > x,]. For each n-tuple w = (wr, . . . , w,) E Q” define a w- 
gradation on A by assigning weights wi to xi, 1 5 i 5 n. Denote the w-degree of an 
elementf E A by deg,(f) and the highest and lowest w-degree forms offby (f),’ and 
(f);, respectively. When w = (1, . . , l), we will write degf,f +,f - for short. 
Given f, , . . . ,fn E 4 let WI,. . . ,f,)Ph, . . , x,) denote the determinant of the 
n x n Jacobian matrix (af,/axj). We will also simply write djflax for 
i3(fi,. . . ,f,)/d(x,, . . , x,) when the5 and the coordinates are specified. 
Lemma 1. If hi E A is w-homogeneous of w-degree di, 1 I i I n, then a(h)/ax is 0 or 
w-homogeneous of w-degree C;= 1 (di - wi). 
Proof. It is enough to verify the monomial case: hi = x4’ x$~* x,“‘“. Then a(h)/ax is the 
determinant of the matrix (eijhi/xj)l S i,j S n, which is equal to hl. . ‘h,/xl. . ‘x, 
det (eij). 0 
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Lemma 2. Let WEQ” and fin A, 15 i I n. If 8fJdxE k, then 
a((fI )w’ , . . . , uX)iax E k and awl hi, . . . , ML )/ax E k. 
Proof. By Lemma 1,a (fw’)/ax is the highest w-degree from of aflax if 3 (fw’)/ax # 0; 
which forces a(fw’)/ax E k. The argument is similar for the other conclusion. 0 
Lemma 3. If .hEA, lliln, aflax E k* and AI Chl = 4 then 
a(&, . . ,f,)/a(x,, ,x,) E k*, where x is the canonical image of fi in 
A/U) E kCx,, . . ,x,1. 
Proof. By the chain rule 
a(fk. . . ,fn)ia(fl, x2,. . . ,x,) = (afmi(a(fl, x2,. , -aiw E k*. 
Therefore, a(fi, . . . ,f,)/a(x,, , x,) E k*. 0 
Assumptions 4. Assume gi E A and Gi = xigi, 1 < i < n. Assume also that aG/ax E k*. 
We will show that gi E k*. Let ai = gi(O, . . , 0), 1 I i 5 n. aG/dx E k* implies ai # 0 
for each i. Dividing Gi by C(i, we may assume q = 1, 1 < i < n and dG/ax = 1. 
Definition 5. Given F E A, let S(F) = { (ei, . . . , e,): xi’. .x,‘” appears in F with 
nonzero coefficient}. Let N(F) denote the convex hull of S(F). 
Proposition 6. Let Gi, 1 I i I n, be as in (4). Then Gi = xi for each i. 
Proof. We begin by establishing the following claim. 
Claim. Let M = fly= 1 Xi. Then there exists hi E A such that gi = 1 + Mhi, 
lliln. 
To verify the claim proceed by induction on n. aGi/axj = bijgi + xiagi/axj, 
where 6ij is the Kronecker delta. For f E A, let f= f(0, x2,. . . ,x,). Then 
i3G/ax = g1 .a(~?,, . , ~,,)/a(x2,. . . , x,). Thus a1 = 1 and by induction 
a2 = . . = g,, = 1. Similarly gilX,ZO = 1 for each i and j, which establishes the claim. 
Now let c(G) denote the cardinality of the disjoint union of S(Gi - xi), 1 I i I n. 
We need to show c(G) = 0. If this need not hold, then we may assume Gi, 1 I i I n is 
a counter-example with minimum c(G) > 0. 
Fix j (1 <j I n). Let S = lJ,!= i S(Gi - xi). If (e,, . . . , e,) E S, then each ei > 1 by 
the claim. Let 
Qj = i( ej + 1 - i e, ej: (ei,. . . ,e,)ES r=l 
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Let mj = min(Qj) and assume (ef, . . , e,*) E Qj with (e; + 1 - c:= 1 e,T)/eT = mj. 
Note mj < 0. 
Let wi = 1 for i #j and wj = mj. Then deg,(x,) = 1 if i #j, deg,(xj) = mj and 
deg,(x$. . x$) = 1. 
If(e,,. . ,e,)ES, 
Wlj I 1 + ej- i e, 
( 
ej 
,= 1 11 
* mjt?jIl+ej- iej 5 Wljf?j+ C e,I 1 
r=l r#j 
e,w, I 1 * deg,(x;l . . . x:1) s 1 
It follows that for i # j, (Gi); = xi + xifi wheref;(O, . . . , 0) = 0. Since Gj E xjA, the 
leading (1, . . . , 1) degree form of (Gj): is XjHj, where Hj is (1, . . . , 1)-homogeneous. 
By Lemma 2, a(GJ E k. Another application of Lemma 2, this time considering 
the leading (1, . . . , 1)-degree forms of the components of G;, yields 
a(Xl,. . . ,xj_1,XjHj,Xj+l,. . .) x,) E k, i.e., a(xjHj)/axj E k. This forces Hj to be an 
element of k*, which by (4) implies Hj = 1. Therefore, (Gj)w’ is also of the form 
xj + xjfj, wherefj(0, . . . , 0) = 0. 
Once again by Lemma 2 we obtain ~(G~)/c?x E k*. 
Since deg(xtT. . . x,$3 > 1, c(Gz) > 0. By the minimality of c(G), Gz = G. Thus 
each Gi with i #j is w-homogeneous of w-degree 1 and Gj is w-homogeneous of 
w-degree mj. 
Let j vary, we obtain that for each i, N(Gi) is contained in the intersection of the 
hyperplanes nij:Xi + ‘. . + Xj-1 + mjXj + Xj+l + . . + X, = 1, j #i, and 
7c;:xi + . . . + Xi- 1 + miXi + Xi+ 1 + . + X, = mi. The rank of the matrix 
mt 1 . . . 1 
1 m2 . . . 1 
i 4 . . . . . . 1 1 . . . m, 
is easily seen to be at least n - 1 since each mi I 0. If its rank is n, then N(Gi) would be 
a single point, xi, for each i, but c(G) > 0. Therefore the N(Gi)s form a set of parallel 
line segments with one endpoint equal to Ui = (0,. . , 0, 1, 0, . . . , 0) with 1 appearing 
in the ith coordinate, 1 I i < n. Thus, there exists a n-tuple a = (ai, . . . , a,) with each 
Ui 2 0 and ti 2 0 such that the endpoint of N(Gi) opposite Ui is Vi + tia. By Lemma 2, 
the determinant of the Jacobian matrix of the monomials corresponding to Ui + tia, 
1 I i I n, is 0; but this is easily seen to be equivalent to the linear dependence of 
Di + tia in R”, which is clearly impossible. 0 
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Lemma 7. Let Fi = xi + fiiMi, 1 I i I n, where Mi is a monomial of degree at least 
2 and /Ii E k. Assume dF/dx E k”. If PjMj E xjA for some j, then /lj = 0 
Proof. Suppose otherwise. Then by Proposition 6 some of the pi Mi 4 xi A and some 
do with Bi # 0. After reindexing we may assume that s, t E Z+ with 1 < s < t < n such 
that fit # 0 and Mi E xiA for i < S, BiMi $ xiA for s < i < t, and pi = 0 for i > t. By 
repeated application of Lemma 3, we can eliminate the second category of Fi, leaving 
only the first and possibly the third. But this would again contradict the result of 
Proposition 6. 0 
Proposition 8. Let Fi = xi + fiiMi he as in Lemma 7. Then k[F] = k[x]. 
Proof. If each pi = 0, then we are done. If some pj # 0 then by Lemma 7, there exists 
s~~‘suchthatl~s~nandP~M~~x,Afori~sandp,=Ofori>s.Ifj~sand 
MjEk[Ix,+i,. . . > x,], then after an automorphism we can replace Fj by Xj. Continu- 
ing in this way we will obtain k [F] = k [ ] x or we will arrive at an example as above 
where Mi$k[x,+l,. . . , x,] for each i I s. By repeated application of Lemma 3 we 
can reduce to an example where F1 = x1 + PI Ml, PI # 0, Ml $ k[x2,. . . , x,] and 
Fi = xi for i 2 2. This forces Ml to be a power of x1 of degree at least 2; contradicting 
Proposition 6. 0 
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